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Abstract—The robotic field has been witnessing a progressive
departure from classic robotic systems composed of serial/stiff
links interconnected by simple rigid joints. Novel robotic con-
cepts, e.g., soft robots, often maintain a series-like structure, but
their mechanical modules exhibit complex and unconventional
articulation patterns. Research in efficient recursive formulations
of the dynamic models for subclasses of these systems has been
extremely active in the past decade. Yet, as of today, no single
recursive inverse dynamics algorithm can describe the behavior
of all these systems. This paper addresses this challenge by
proposing a new iterative formulation based on Kane equations.
Its computational complexity is optimal, i.e., linear with the
number of modules. While the proposed formulation is not
claimed to be necessarily more efficient than state-of-the-art
techniques for specific subclasses of robots, we illustrate its
usefulness in the modeling of different complex systems. We
propose two new models of soft robots: (i) a class of pneumatically
actuated soft arms that deform along their cross-sectional area,
and (ii) a piecewise strain model with Gaussian functions.

Note: This paper has supplementary material that can
be accessed at the following link: https://drive.google.com/
drive/folders/13wwUjjX7jm1 VkRfYzatbWKtey3qWZ1 _
a?usp=sharing. The MATLAB code implementing the
proposed algorithms can be found at the following
link: https://github.com/piepustina/Jelly.

I. INTRODUCTION

In recent years, serial robotic systems have undergone a
remarkable transformation, evolving from assemblies of rigid
links and joints to articulated mechanical architectures built
from complex modules. These include serial interconnections
of parallel mechanisms [1]], flexible link and joint manipula-
tors [2], robots made of meta-materials [3]], [4], continuum
and soft arms [5]—[9]], bio-hybrid robots [10]-[12], and rigid
robots manipulating deformable objects [[13]]. In these systems,
the range of admissible motions does not solely stem from
the joints (if any), as in conventional rigid robots. In fact,
it also arises from compliant and deformable elements like
springs, variable stiffness actuators [|14]], and flexible and soft
bodies [15]. Consequently, their joints and bodies can be
conceptualized as mechanical modules providing degrees of
freedom (DoF) to the system, as illustrated in Fig. [T} When the
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Figure 1: Selection of mechanical modules, i.e., joints and bodies,
that can be used to assemble the class of robots considered in this
work. Soft, hybrid, and bio-hybrid robots all fall into the class of
robots that can be modeled this way. These bodies include but are not
limited to possibly flexible joints (helical, spherical, elastic, rotational,
and prismatic), beams, generic rigid bodies, and highly deformable
bodies (1D, 2D, and 3D). The only requirement is that the motion
of these components can be described, or approximated, by a finite
set of configuration variables.

relative motion of each module is described, or approximated,
by a finite set of configuration variables, the dynamics follows
the principles of Lagrangian mechanics and is described by
ordinary differential equations of the form

M(q)g+n(q,q) = Q(q,q.u), (1)

where ¢ € M C R” is the configuration vector, with ¢
and q its time derivatives, and w € R™ groups the inputs to
the system. Furthermore, M (q) € R™*" denotes the inertia
matrix, n(q,q) collects Coriolis and centrifugal terms, and
Q(q,q,u) models active forces, both conservative and non-
conservative, such as the gravitational force, stress and actuator
inputs.

The forward dynamic problem (FDP) for consists in
computing ¢ from g, g and u. The FDP finds its main
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application in simulation to assess the system behavior across
different conditions. While the FDP has been completely
solved for rigid-bodied systems [16], it remains an open prob-
lem for generic mechanical systems, including among others
systems with deformable bodies. Historically, researchers have
focused on attacking this challenge under small deformationsﬂ
Despite early seminal works from the 80’s [17], the topic
continues nowadays to be an active field of research [18],
[19]. However, these techniques are not applicable nor directly
generalizable to most of the systems we discussed above,
as they often violate the small-deformations hypothesis. An
example of such systems that we will focus our attention on
in the rest of this paper is continuum soft robots [20]—[23]].

The dual problem of identifying the active forces responsi-
ble for a given acceleration, i.e., the inverse dynamics problem
(IDP), has received significantly less attention. However, the
IDP plays a pivotal role in various applications that are
crucial for the advancement of autonomous and intelligent
robotic systems, including real-time control [23]-[25], system
identification [26], trajectory generation [27|] and optimiza-
tion [28]], [29]], and mechanical design [30], [31]. In this
context, the computation time becomes essential, especially
when the dynamics has numerous DoF. Furthermore, it is
noteworthy that a procedure for the IDP can also be used to
solve - efficiently although not optimally - the FDP [16].

Numerous studies have explored the computation of the IDP
for flexible link robots using different approaches. These in-
clude the Euler-Lagrange (EL) method [32[|-[35]], the general-
ized Newton-Euler (NE) equations [36]—[38]], the Gibb-Appell
equations [39], and the Kane equations [40]-[42]]. Again, all
the mentioned works share three main assumptions: (i) small
deflections, (ii) slender bodies and (iii) the ability to separate
rigid and deformable motion. Unfortunately, such hypotheses
are seldom verified when high deformation occurs, limiting
the application of previous approaches to deformable systems.
Assumptions (i) and (iii) have been partially relaxed, but not
removed, in the context of soft robotics for reduced order
models (RoM) of 1D continua. In particular, [20] proposes an
ID procedure for slender continuum soft robots with piecewise
constant strain (PCS). The method has been extended in [43]
to encompass various kinematic models and rigid bodies. In
addition, [23]] removed the PCS hypothesis in place of a modal
Ritz reduction of the strain. Still, these works are limited to
thin bodies (hypothesis (ii)) and assume a linear separation
between material and generalized coordinates, i.e., the strain
&€ € RS can be expressed as £ = ®(s)q, being s and q the
material and generalized coordinates, respectively.

This work aims to take a step further by proposing a method
that has the benefit of eliminating such remaining limiting
assumptions. The only hypothesis is that the configuration
space of the system can be described by a finite-dimensional
model. In our approach, kinematics is treated as input to the
procedure rather than pre-existing information. In particular,
the robot is seen as an assembly of complex modules, its joints
and bodies, whose relative motion is parameterized by an
abstract set of material and configuration variables. This way,
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it is possible to obtain a unified approach to recursively solve
the IDP for serial multibody mechanical systems, comprising
both rigid and deformable bodies, and remove any assump-
tion regarding their kinematic model. Each body can have
lumped or distributed mass with a three-dimensional domain.
The framework also applies to systems comprising modules
obtained from novel 3D reduced-order models [44]], where the
deformations are expressed using function composition. Fig.
shows a collection of some modules that the proposed method
can handle. To the best of our knowledge, the IDP has never
been tackled in such a general setting. This is likely due to
the recent proliferation of robots, especially those developed
by the soft robotics community, that cannot be modeled as
assemblies of rigid or flexible bodies.

In analogy with the recursive Newton-Euler approach for
rigid systems, the method has linear complexity in the number
of bodies. It consists of two steps, namely a forward propaga-
tion that initiates velocities and accelerations from the base,
followed by the computation of the generalized active forces in
a backward step. The approach has its foundations in the Kane
equations [45]], [46], a choice motivated by their intermediary
nature between the EL and NE equations. In view of their
equivalence with the EL method, the obtained equations of
motion (EoM) can be viewed as a recursive form of the EL
formulation and a generalization to the seminal results of [32],
[47]. In these works, a recursive form of EL equations with
linear complexity has been derived for serial rigid [47] and
flexible link robots [32].

The main contributions of the paper are summarized in the
following.

1) We provide a general definition for the configuration
space of serial modular robotic systems, encompassing
both rigid and deformable bodies.

2) By using the Kane equations, we prove a recursive
formulation of the EoM. Considering the equivalence
between the EL and Kane equations, the method can be
seen as a recursive representation of the EL equations.

3) We derive algorithms solving the IDP for the evaluation
of the generalized active forces and of the actuation
forces. In both cases, the computational complexity grows
linearly with the number of bodies.

To show the generality of the approach, the findings are sup-
ported by simulations results on two new RoM of continuum
soft robots. First, we consider a pneumatically actuated soft
robot and model the radial deformation due to air pressure
change in the actuation chambers. In a second simulation,
taking inspiration from [48]], we use Gaussian distributions
to model the strain of a tentacle-like soft arm. Additional
simulations of state-of-the-art multibody mechanical systems
can be found in the supplementary material [49].

A. Notation

We denote vectors and matrices with bold letters. Arguments
of the functions are omitted when clear from the context.
Table [I| presents the notation adopted in the paper.



Table I: Nomenclature

Symbol Description

R"” Euclidean space of dimension n

Rm>m Space of n x m matrices over R

SE(3) Special Euclidean group of di-
mension 3

s0(3) Special orthogonal algebra of di-
mension 3

I, e R Identity matrix of dimension n

0,%m € R?*™ Matrix of zeros

1, e R" Column vector of ones

S; e R” Column 4 of matrix S € R*»*™

Si; €R Element in row ¢ and column j of
S

7 € s0(3) Skew symmetric matrix defined
by r € R?

AV €R3 Euclidean vector associated with
A € s0(3)

AT e gmxn Transpose of A € R™*™

AB € R™*P Matrix multiplication of A €

R™*™ and B € R™"*P

Kronecker product of

A € R™*™ and B € RP*1?
Vectorization of A € R™*™
Cross product of a € R3 and b €

A® B e Rpmxan

vec(A) € R™"
axb=abeR?

Ri%

Vo f€ER! Gradient of f € R with respect to
x € R!

Ve f € R Jacobian transpose of f € R! with

respect to « € R”
Ve Divergence operator in coordi-
nates = € R”

B. Structure of the paper

The rest of the paper is organized as follows. In Section [II]
we establish the configuration space that characterizes the
considered class of systems. Herein, we derive both the
direct kinematics and the first and second-order differential
kinematics. Section [III| introduces the Kane equations for the
system. A recursive form for these equations is proven in
Section offering immediate utility in assessing generalized
active forces. In Section we expand the active forces to
derive an ID recursive procedure for evaluating the actuation
forces only. Section [V presents simulations results, and Sec-
tion concludes the paper.

II. KINEMATICS

As a first step towards solving the IDP, in this section we
characterize configuration space of a generic serial modular
mechanical system. We then derive the forward kinematics
and differentiate it with respect to time to obtain the first and
second-order differential kinematics.

Consider a holonomic serial chain with a fixed base of NV
bodies B;, each one connected to its predecessor by a joint
Ji; i € {1,---,N}, as shown in Fig. |2l To describe the

kinematics, it is needed to introduce two types of configuration
spaces: one for the joints and another for the bodies. The
former describes the relative motions between adjacent bodies,
as in the case of rigid systems. Conversely, the latter captures
the configurations a body can assume due to its deformability,
if any.

Specifically, we define the configuration space of joint J;
at time ¢ as follows

Ca,(t) = {(R(t),p(t)) € Vi(t)},

where V;(t) C SE(3) denotes the oriented volume occupied
by B; at ¢, assuming no internal deformations. Note that
this definition encompasses solely the relative motions of the
bodies due to the joints. As for rigid systems, C, is described
by a set of generalized coordinates q 7. (¢), and its dimension
cannot exceed six, i.e., dim(Cy,) = dim(q;) = ng < 6,
with the limit cases C7, = @ and Cy, = SE(3) corresponding
to a fixed and free moving body, respectively.

The above definition does not account for deformations, so
motivating the introduction of the body configuration space.
The configuration space of 5; at time ¢ is

Cs, (1) = {(R(t),p(1)) € (Vi(t) = Vi(t))},

where V;(t) C SE(3) corresponds to the oriented region of
space occupied by B;. The set Cp, describes those configura-
tions not represented by C'7, because of deformability. The-
oretically, C'g, requires infinite configuration variables to be
described. Instead, we assume that it can be parameterized by
a minimal set of generalized coordinates g, () and material
coordinates s; € V;, being V; the volume in the reference
configuration. This way, the number of coordinates gz, defines
the dimension of the configuration space, i.e., dim(Cp,) =
dim(qp,) = np,. For example, if B; is rigid, then q5 € O
because, by definition, in a rigid body, no internal deformations
occur. Differently, for a slender continuum modeled under the
piecewise constant curvature (PCC) hypothesis [50], g5, € R?
and its components correspond to the curvatures along the x
and y directions.

Remark 1. We intentionally refrain from any assumption on
how the body deformations can be described. This allows
considering the IDP independently of the kinematic model of
the system.

In the following, we consider g7, and gz, as Euclidean
vectors, i.e., g7 € R"7 and gz, € R™5:. Despite this not
being the case in many situations, e.g., for rigid robots with
revolute joints, it does not constitute a problem for this paper
since the focus its on computational methods. We also define

the vectors
q(]‘ ng
L= i e R™,
% < qs, >

with n; = np, + ng,, and

qd,
g=| : | €RY
an

with n = ZZI\; n;, which group the generalized coordinates



of each body and the entire system, respectively. Since Cg, and
Cg, are completely specified by g;, the knowledge of g, and
of its time derivatives provides all the information required to
describe the configuration space of the system at any instant
of time, i.e.,

Ct) = (Cq (1) +Cp, () x -+ x (Cay () + Coy (1)) -

To compute the kinematics, we attach a reference frame to
each particle E| of B; and at the distal end of 7;, labeled as
{SB,(s:)} and {S7,}, respectively. We also denote with {.5;}
the reference frame of B; associated to the point s 7, , € B;
to which ;11 is connected, i.e., {S;} = {S5,(57,.,)}:1 =
{1,---,N — 1}. For the last body, {Sn} is the reference
frame of an arbitrary point of the body. In addition, an inertial
reference frame {Sp} is assigned to the base. Recalling that
Cg, and Cp, have finite dimension the following result holds.

Proposition 1. For all joints J; and bodies B;;i €
{1,--- , N}, of the system, there exist

, Bi-iRg,
Bty (qJL-) = ( Of;?,(qji)
and

JiTBi (qBi,Si) = (

where Bi-1T . (qu) and JiTpg, (qBi,si) are the homoge-
neous transformation matrices from {S 7, } to {S;_1} and from
{SB,(8:)} to {S7,}, respectively.

Note that ~2T 7, (g ) remains independent of s; since
it describes the relative motion of two bodies induced by
the joint. Conversely, YTz, (gp,,s;) depend on g, which
parameterizes the internal deformations of 3;, and on s; which
acts as a label for the points of B;. In the case of rigid bodies,
JiT, does not depend on qp, but only on s;. The above
matrices are part of the known input data because they come
from the configuration space of B; and J;, both known by
assumption. Without loss of generality, it is considered that
the reference configuration is represented by gz, = 0y, so
that 7T, (OnBi ,8;) describes the volume occupied by B; in
the reference configuration, see Fig. 2] In Fig. 3] we also show
examples of the above transformations to clarify this aspect
further. Given (2)-(3), it is possible to compute the relative
transformation between two adjacent bodies, defined as

Bq‘,flTBi (q;,8;) = Bi—lT]i (qji) jiTBi (un Si) )

It is worth observing that the computation of the kinematics
and dynamics requires only the homogeneous transformation
from one body to its predecessor. Indeed, the only effect of
the joints, which can be considered mass-less bodies, is to
impose motion constraints between the bodies of the chain. In
the following, for the sake of simplicity, we write ‘1T, =
Biaq 5, and omit the superscript © for quantities expressed in
the base frame.

Using (4), one can compute by concatenation the homoge-
neous transformation T'; from each point of B; to the base

Fi-tts, (a7,)
7))@

i RBi (qBi ’ Si)
O1x3

Tea(ason) )

2With abuse of terminology, the terms particle and point are used as
synonyms of infinitesimal volume region.

Figure 2: Sketch of a generic mechanical system, conceptualized
as a sequence of bodies 53; and joints [J;. Two types of reference
frames are introduced to describe the motion: one for each point of
B; and another for 7;, denoted as {Sg, (s;)} and {S7, }, respectively.
The transformation matrix 5i-1T T (q Ji) encapsulates the relative
motion, due to the joint, between B; and its predecessor. To account
for the presence of deformable bodies, a second transformation
TiTg, (qBi, si) describes the position and orientation of each body
infinitesimal volume with respect to 7;.

.4, 8:) = T1(qy,87,) T2(qy. 5.7,)
-~ TIT(gy, i)

B R, t
O3 1 /)°

The above equation completely characterizes the kinematics
of the system and can be differentiated with respect to time
to obtain the velocity and acceleration of each particle. Note
also that the only material coordinate affecting T'; is s;.

Ti(qy,-

(&)

A. First- and second-order differential kinematics

We now employ (3) to compute the differential kinematics.
The derivation process parallels the steps undertaken for a rigid
system. However, in this context, additional terms emerge due
to deformations within the body.

Denote with ‘p,(q;,s;) € R3 the position of a point
of B; relative to B;_1, expressed in the body frame {S;}.
Remarkably, ‘p;(q;, s;) can be computed from (@) as

sz(qm s’i) = iilR’LT(qu 8ji+1) (iilti(qiv 87;)
_Zilti(qiv SL71'+1)) ;
Furthermore, let the center of mass of B; the point having
position in {S;} given by
i 1 i
pen (00 = - [ pilansopi(sav.

m;

i



cos(qz;) —sin(qz) 0 0
) sin cos(qyz, 0 0
Bl_lTJq‘, (97:) = (6].7 ) ((?JZ) 1 0 |
0 0 0 1
(a) Revolute joint; q.7, € [0;2m)
COS(LSgi qs;) —sin( Lsolz gs;) 0
Ti N — ;. ;s
Ts; (g5, 5i) = sin(2-gs,)  cos(£igs) 0 Lo,
0 0 1
0 0 0

10 0 g
) 01 0 O
Bl_lTJi (¢7,) = 0 0 1 0 Bi- Ty, = 1a4,
0 0 0 1 (c) Fixed joint;
(b) Prismatic joint; g7, € R 97; €9
sin( Lsg q5;)
qB; 1 0 0 tz (Sz)
1 — cos(z;-g5,) Ji N[ 010 ty(si)
v T ()= 0 0 1 ti(s) |
(fBi 000 1
1 (e) Rigid body; g5, € @ and s; € V;

(d) Planar PCC body without elongation; g5, € R and s; € [0, Lo, ]

Figure 3: Examples of homogeneous transformations from joints to predecessor bodies (a)—(c) and from bodies to joints (d)—(e).

where m; = fv pi(8;)dV is the body mass and p;(s;) its
mass density. Since “p; and ° pCOM are elements of R3, there
exists always a unique vector ‘r; € R such that the following
holds

P ="Ti + "Poom, s (6)

where ‘r; satisfies the notable property

/ irz‘de:/ ipipidv_ipCoMi/ pidV = 03x1. (7)
Vi Vi Vi

The above identity can be exploited to simplify the EoM,
as usually done for rigid-bodied systems, and it allows to
decompose the motion of each body in terms of its rigid and
deformable parts.

Remark 2. In the flexible link case, *r; is typically approxi-
mated following a modal-Ritz reduction approach, i.e.,

si) = ®,,(si)gp,-

In this this work, we never consider such hypothesis. In fact,
we assume a generic and unknown functional dependence of
‘r; on qg, and s;.

ri(qBi’

In view of () and (G), we can express ‘p; and ‘pc,y, in

the base frame as
pi = pCoMi + Riiri7
and ‘
pCOMi = tl + RilpCOMi'

Time differentiating the above expressions yields the linear
velocity of the center of mass and that of each body, i.e.,
= pCoMi =V +w; X RiipcoMi + RiipcoM,iy 3

Pi = vcom, +wi X Ri'ri + Ry, )

VCoM;

. \%
R;R!) are the linear and angular

velocity of {S;} in {So}, respectively. Observing that ¢; =
t;_1+R;_1""'t,, it is possible to verify that v; and w; admit
the following recursive expressions

71ti + Ri_liil

i7
w; =w;_1 + R

where v; = t; and w; =

v, =vi1 twi1 X Ry’ (10)

(11)

Vi—1,i,

1
Wi—1,i,

being iil’vi_lvi = iilii and iilwi_lﬂ' = iilRiiilR;T)v
the relative linear and angular velocity of {S;} as seen
from {S;_1}. Note that the above formulas also appear in
procedures that compute the FD and ID for rigid systems [[16].
However, the right-hand side of and (@) contains the
additional terms R;'pcy;, and R;'r;, which account for the
relative motions of the center of mass and of the body particles
with respect to the reference configuration.

For the following derivations, it is also convenient to define
the velocity vectors in the body frame {S;}, namely

i T i T . T
=R, v;, 'w; = R w;, "vcom; = R; voom; -

Making use of and (TI), one obtains the following
recursive expressions

7 i—1 pT i—1 i—1 i—1 i—1
v; = Rz ( Vi—1 + wi_1 X t;, + 'Ul',l’i),

(12)
i = iiqu,T(iilwi—l i), (13)
"WooM; = Vi + Wi X "Poom, T PcoM, s (14)

with Yvg = 031 [ms™!] and “wg = 03y [rads™!].

Since the formulation of the dynamics requires the acceler-
ations, we time differentiate also (8), (I0) and (I1)), obtaining

deOM- . ;
AcoM; = — s =a;+w; X B'Peom, + wi
+wi X Ri"Poon, + Ri'Poom, s
dvi ;
. -1
@i = - =G T Wi X R+ wig
-1
X(wz 1XRz1 t+R11 vz 11)
+w7, IXRzl vz 11+R7,1 U’L 1,25
and
dwi ;
. . -1
w; = =wi1twis1 X R wii

dt
+Rz 1

From (9) and the above equations, it follows immediately that

wz 1,2-

pz = aCOMi + wz X Ril’l’i + w; X (wz X Ril’l"i)

;. (15)
+2w; X R;'r; + R;'7;.



Rotating the above vectors again in the body frame, i.e.,
i T, - T i T
a; = R v;, 'w; = R; w;, "acom, = R; voom;,
some computations lead to

i i—1 T [i—1 i1 - i—1
a;=""R; [lai1+ " lwi x T

+  wi x (Tlwio x T+ T o) (16)
i—1 i—1 i—1.;
T wi X T+ 'Uifl.,i} )
i, = i—1RiT (i—lwi_l Fi s g x i—1wi_1,i
2L (17)
+ wi—l,i) )
‘acoM; = "a; +'wi X 'Poon,
i i i i
+'wi X (wi X 'poou, + Peort;)  (18)
i i. i..
+ Wi X "Poom; T PcoM,
and
Lpl = iaCoMi + sz X i’l“i + iwi X (iwi X L’I'l) (19)

+ ini X 17‘z + RllT'l
The following result is an immediate consequence of the above
equations.

Lemma 1. Given q,q and q, the first- and second-order
differential kinematics expressed in the body frame, i.e.,
ivi,iwi,ivCOMi,iai,iwi and acom,, can be computed re-
cursively forward in space from By to By with "vy =
03x1 [ms™1],% ¢ = 0341 [rads™!],%ag = 03x; [ms~?]
and °wy = 0341 [rads™2]. In addition, the computational
complexity for such evaluation is O(N).

Proof. The result follows by observing the recursive structure

of (I2)—(T4) and (I6)—(I8) and that their right-hand sides
depend only on q;, g; and ;5 € {1, - ,i}. O

Furthermore, it is worth anticipating that, in analogy with
the rigid body case, the computation of the differential kine-
matics will constitute the first step of the ID procedure.

III. KANE EQUATIONS

In this section, we briefly derive the Kane equations for
a modular mechanical system, as introduced in Sec. The
derivation entails a two-step procedure. In particular, starting
from the weak formulation of the dynamics, the equations are
projected in the configuration space defined by q.

According to the weak form of the EoM [51]], for every
body B, of the system, one has

d .1' %
/ 5p;T (finti + fexti - <p(i1tp)> dV = O
\7A

i

(20)

Here, f,, is the vector modeling internal forces per unit
volume, such as the mechanical stress and actuation forces
(when the system is internally actuated). The vector f. .
represents the resultant external force per unit volume, in-
cluding for example gravity. Furthermore, % is the time
derivative of the particle linear momentum per unit volume.
According to the Kane method, in the computations, it suf-
fices to consider among f;. and f... only the forces that
perform work on the body particles, i.e., the forces for which

Jv, 007 fine,dV # 0 and [i, 6p] foxy, AV # 0. For example,

the reaction forces between two consecutive bodies are non-
working. As a result, they can be neglected in the balance
equation.

Recalling that the time dependence of p; is implicit and
solely through g, it follows that dp, = (Vg4 pi)T 4q. Substi-
tuting this into the above equation and rearranging the terms

yields
d(p.p;
[ 5a"Vap, (dfi - (pp)) 0,
v at

where we have defined for compactness the net force df; =
(Fint, + fext,) dV. Since the system is holonomic, each
generalized coordinate can experience a virtual displacement
independently of the others, which implies

d (psps
/ VP (dfi—%p)dV> —0,.
Vi

Summing the contributions for each body gives the reduced-
order EoM

N .

d (p,ps
> / Vqp; (dfi - (”’”)dV> =0,,
— v, dt

and the Kane equations for the system

N
sz/ Vabidfi, @1
i=17Vi
- d (ppi)
Q —;/Vivqpi TR (22)
Q+Q =0, (23)

where the identity Vg p, = V¢4 P, has been used. The terms
Q and Q" are called the generalized active and inertia force,
respectively. In the following, for the sake of simplicity, we
restrict the analysis to systems for which the variation of the
mass density is negligible, i.e., p; =0, ¢ € {1,---, N}. This
way, we can simplify the second term in the integrand of
as

d (pipi)

dt

where we defined the infinitesimal mass dm; = p;dV.
From (7)) and the Reynolds transport theorem, this also implies

/ iV = < ( / lmpidv) —0sa,  (25)
Vi t \Jy,

/ FipdV = < ( / lmpidv) —0pa. (26)
Vi t \Jy,

It is worth underlying that the above hypothesis can be relaxed
at the price of longer expressions in the recursive formulation.

Proposition 2. Equations QI)-(24) are equivalent to (1), i.e.,

dV = p,;p;dV = p,dm;, (24)

and

Proof. See Appendix [A| O

In the following, we establish a recursive expression of (21))-
(23)), which allows an efficient computation of @ and Q™. For



the sake of derivation, it proves advantageous to expand @ and
Q" into their components of the single bodies. This involves
considering the EoM 2I)-(23) in the equivalent form

N
Q=Y [ Vi buds. 28)
i=1"Vi
N
=3 [ Vo, bibdm. 29)
i=17Vi
Q,+Q =0, (30)

with j € {1,---, N}, where we expanded Q and Q" into
their components associated to each body B;.

IV. RECURSIVE FORMULATION OF THE EQUATIONS OF
MOTION

This section presents the main result of the paper, i.e., a
recursive formulation of (28)—(30), which yields a simple and
general procedure for the solution of the IDP. We provide a
pseudo-code for implementing the algorithm, encompassing
all necessary terms. Remarkably, the treatment remains inde-
pendent on the assumption that p; = 0.

To this end, rewrite the left-hand side of explicitly for

q; as

N
Q;+ Q; - Z/V vqj p; (df; — p;dm;).
i=1"Vi

Note that, for ¢ < 73, qu P; = 0y, x3 because p; depends
only on q,,...,q;_; and g;. Consequently, the lower bound
of the summation can be replaced with the index associated
with Bj, leading to a more concise form

N
Q;+Q; = [ Vi, b (Af, ~pim).
=3 i
By leveraging @I), the previous equation can be rewritten as

Q,+Q Zv vcou, / af, — b,dm;
Vi

=Jj

+vquz/( i)

/ Vg, ' ' R (df, —

Given that “r; depends solely on the configuration variables of
the corresponding body B;, it holds Vg, iy = 0n;x3; 1 # J,
which simplifies the above expression to

Q;,+Q; = /V Vg, 7R} (df ; — p;dm;)

x (df; — p;dm;)

N
#3 Wy vean, [ dfi-pdm G
i=j i

+ qu wl/ dTZ‘ — (Rfrl) X pid’ffLi7
V;
being dr; = (Riim) x df, the net torque acting on each
infinitesimal volume. It should be noted that the right-hand

side of the above equation contains three terms. The first
models effects local to the body. On the other hand, the other
two terms account for the balance of forces and momenta with
respect to the center of mass. Furthermore, the summation
considers the forces exchanged between 5; and the other
bodies in the chain.

By exploiting the invariance of the scalar product for
rotations, it is possible to express in the body frame {S;}
as

Q+Q: = / Vo, 975 (A f, —Tp,dm;)

+qu VCoM; / d'f; —"“pdm;  (32)

-y Vi

+ qu iwi/ diTi — iT‘i X 1pzdmz,
Vi

where d'f, = R df, and d*r; = R} dr; denote the force
and torque in {S;}, respectively. For the sake of readability,
we introduce the following definitions

iF, = /dl i 2.7-' / pzdml, T = /dZTZ,

(33)
and

T = (34)

—/ i”'i X szdml
Vi

Henceforth, the terms active force and torque of 5; denote
iF; and “T;, respectively. Similarly, ‘F; and *T; represent
its inertial force and torque. Note that the dimension of all the
above vectors is equal to three, independently of the number of
generalized coordinates of the body. Substituting into (32))

leads to
+Q / . JTJ J]:' Jrj_f;:'*)
i ik 35
+ quj veor, (‘Fi+ 7)Y
i=j
+ V('Ij iwi (le + sz) .
The previous expression can be further simplified recall-
ing (I4), which implies that, for i = j,
Ve, "voom; = Vg, "0i + Vg, 'wi'Pow,
+ V@j 2pCoMiv
and, for ¢ > j,
qu 'UCoM = qu i’Ui + Vq] iwiiﬁcoMi-

Indeed, the position of the center of mass in the body frame,
and consequently also its time derivative, depends only on the
configuration Variables of the body. The substitution of the
above identities into (35) gives

Q,+Q; ="m;+'m; + M; ("Fi, ' F;,'T+,'T;), (36)



with i € {j,---

in, :/ Ve, (rj+ Poou, )djfj

:/ ng pjd‘] js

jﬂ'; = —/V qu (JT"J‘ +]pCOMj) jﬁjdmj
j
(38)
_/ Vg, Py’ pydmy,
v,

1N}a

(37

and
M;=> Vo v ((Fi+'F;) + Vg, 'w;
i=j

(T +'T5 + "poont, ¥ (Fi+'F)).

Indeed, 7 m; and jﬂ';‘ contain terms that are only local to
the body. In contrast, M; involves the forces and torques
of B; and all subsequent bodies. Consequently, only M,
necessitates a recursive expression. The following theorem
formalizes the main contribution of this work, namely that
M. can computed recursively.

(39)

Theorem 1. Given q,q and q, the operator M;j;j €

{N,---,1}, admits the following backward recursive expres-
sion
M; =V, 7v; (F; +7F;) “0)
+ Vg, 'w; ('T; +7T7),
where

IF;+1F; =1F; +/F;
+/ Ry (T Fja + 77 F ),
ITj +7T; =T +7T; + 7 pcom, X (' Fj +'F;)
+7 Ry (T +77T5 )
+7t1 < IRy (T F i+ 1F;f+1)(4711)

with N+1FN+1 = N+1F}K\7+1 = 0341 [N} and N+1TN+1 =
N+1T*N+1 = 03><1 [Nm]

Proof. See Appendix O

In (#T), the terms 7 F; and 7T"; account for the total effects
of the linear and angular active forces on B; due to B; itself
and all its successor bodies. Similarly, 7 F; and T are the
corresponding inertial forces. Note that V4 7v; and Vg, /w;
project the system dynamics in the direction of g, and can
be computed from the kinematic model because they depend
only on quantities of the body. Indeed, (12) and (T3) imply
vi1 " Rj(q)), 42)

Iy =V, J1
Vg, 7v; = Vg,

and

vq ‘*’J = V a Rj(Qj)- (43)

The derivation of the above recursive equations does not rely
on the hypothesis that g; = 0. Indeed, the latter affects only

J
‘*’J 1,j

the expression of ‘Z; and 7, which depend solely on the
body kinematics and mass distribution.

Remark 3. Equations (36)-{@3) represent a recursive form
of the dynamics, parameterized by jﬂj,jﬂ;*,i]:i,"’}—f,iTi
and “T ;. These equations hold for any serial robotic system
described by a finite number of configuration variables. Fur-
thermore, in view of Proposition 2} (36)-@3) can be seen as
a recursive form of the first.

Property 1. The operator M is linear in all its arguments.

Proof. The property follows from (39) since the matrix and
cross products are linear operators. O

Property (I)) allows isolating the contributions of the gen-
eralized active forces. This also implies that Q; and Q;
can be computed by nullifying the inertial and active terms,
respectively, i.e.,

Q; ="m; + M;("F;,031,'Ti,03x1) = —Qj, (44)

and
Q; =77+ M;(03x1,"F},03,1,'T;) = —Q,,  (45)

where the last identity in (44) and (5) arises from Q; +Q} =
0,,,. Assuming the knowledge of ‘F;, “T; and 971'* the last
equatlon offers a means of calculating Q. Thus, the last step
for solving the IDP consists of computing the inertial terms

of the bodies, which we address below.

A. Evaluation of the inertial force and torque

We now evaluate the inertial terms appearing in Algo-
rithm |1} namely CFE VT and 7

Usmg (T3), ‘F; takes the form

'Fi = ~lacommi, (46)
where (7) and 25)- (26) have been employed.
A similar computation for *77; leads to
i d rd i
Tr=—| —|"r;xR R;'r;) ) dm,. 47
T /‘/idt<r><ld( r))m 47)

Note that the integrand of the right-hand side represents the
time derivative of the particles angular momentum about the
center of mass. Now, using the identity

d
ar
after some computations, becomes

Ri'r;) = w; x Ri'r; + R'1;,

7lI7;la.J7; — ’wi X ZIilwl- — le-wl- — ’Lwi

X / 17'1' X lrzdmz —/ Z’I"i X Zi’idmi, ( )
Vi

zT;k —

where we defined the body inertia

; ~T;
‘Ii:/ ’r "r;dm;,
VY

K3
and its time derivative

) d*I: ~T. e
i, = 7dtl :/ ‘r T +’r?lridmi.
Vi



Indeed, recall that, when the body is deformable, ir. is a
function of time. In addition, the first two terms on the right-
hand side of model the rigid motion, while the remaining
terms arise because of deformability.

Now consider ‘m}. By substituting (T3) into (38) and

K2
performing some computations, one obtains

V.
(Ln, ® (w0 (‘wi @ 13)))
vec ((ti Vec(iJi))T)

-2 </ Z’I”l X ti “rzdml) iwi
Vi

— / V(L, Yt dmg + V(]i lf)COMilF:.
Vi

+

N | —

(49)

Remark 4. All the inertial terms are functions of q;,q; and
q,; and their functional expression can be computed offline
once the kinematic model of the body and its mass density are
known. When a closed-form expression for the above integrals
is not available, numerical integration techniques, such as
the Gaussian quadrature rule, must be used. For an in depth
discussion of these methodologies see [52)].

Combining with Lemma [I} Theorem [T] and the expres-
sions for 7, “T and J w7, it follows that Q can be computed
using Algorithm [I| denoted in the following as Generalized
ID (GID). In analogy with the rigid-bodied case [16], the
procedure entails a forward and a backward step. In the former,
q and its time derivatives are used to compute velocities and
accelerations, allowing the evaluation of *F7, *T7; and /7.
Then, the backward step determines the generalized inertial
force by projecting the inertial terms in the configuration
space. This is accomplished using {@3) and its recursive
formulation given by (@0)—(@T)). The computational complexity
grows linearly with the number of bodies as formalized in the
following.

Corollary 1. The computational complexity of Algorithm|l|is
O(N).

Proof. From Lemma [T, #6) and @8)-({@9), the cost of the
forward step in Algorithm |1|is O(N). Similarly, Theorem
implies that the computational complexity of the backward
step is O(N). O

It is also worth observing that, in the case where the
system contains only rigid bodies, the ID for rigid robots are
immediately recovered.

V. ACTUATION INVERSE DYNAMICS

Usually, when solving the IDP one is interested in evaluat-
ing the contribute of the actuators only, which we denote as
the Actuation ID (AID), rather than of all the active forces. We
address such problem in this section by separating the effect
of the actuators from those of other active forces. If no other
forces act on the system, then the AID and GID coincide,
eliminating the need for further steps because no other forces

Algorithm 1 Generalized Inverse Dynamics: Q=GID(q, g, q)

Require: q,q, q
fori=1— Ng do
Compute ‘w;, ‘acom, and ‘w;
Compute ‘F;, “T; and ‘m}
end for
for i = Np — 1 do > Backward step
Compute Q; as given in @#5) by using (37)-@1)

end for

> Forward step

must be considered. However, this situation seldom occurs in
practice, e.g., when the robot moves in a gravitational field,
and @, needs to be expanded into its individual components.

Being elements of vector spaces, d'f; and dir; can be
decomposed in the distinct forces and torques acting on each
particle. This paper considers two additional types of gener-
alized forces that often manifest in the robotic systems we
are interested in, namely gravitational and internal interaction
forces. Thus, the active force and torque take the form

d'f, =d"fE+d"fI+d'f;, (50)

and

d'r; =d'r} +d'r}, (51)

where d' £, d* f¢ and d° f; denote the force due to actuation,
gravity and particles interaction, respectively. The vectors
dr¢ and d'7 represent their rotational counterparts. Hence,
the generalized active force can be expressed as follows

Qj (q7 (.Ia u) = Q? (q) + Q?(qa iL U) + Q;(qa q)v

where each term on the right-hand side of the equation is
obtained by replacing df, and dr,; with the corresponding
force and torque as in (50) and (5I). Note that, in view
of their definition, also 77, *F; and “T; admit analogous
decomposition.

(52)

Remarkably, we can immediately compute the AID without
affecting the computational complexity. In particular, replac-

ing (32) into (BO0) gives
Q--Q/-Q;-Q;
or, equivalently by using (@4)—@3) and the linearity of M,;
(Property [I)),
g9

Q) = ) I I

— MCF + FF TS T,

Note that the effect of gravity appears only as a linear
force. The pseudo-code for the computation of Qf is given
in Algorithm [2] which is similar to that of the GID. The
difference lies in accounting for the terms that correspond to
external forces which differ from those generated by actuation.

(53)

We conclude this section by computing Q? and Q;, thereby
providing the complete expression of the AID.



Algorithm 2 Actuation Inverse Dynamics: Q® = AID(q, q, q)

Require: q,q, g
for . =1— Npg do
Compute ‘w;, ‘acom, and ‘w;
Compute ‘F;, “T7, 'wf, "F4, " F;, “T5 and “m§
end for
fori=Np — 1do > Backward step
Compute Q as given in by using @O)-HT)

end for

> Forward step

A. Gravitational force

The gravitational active force performing work on B; is

F = / R[gdm; = R} gm; ="'gm,, (54)
Vi

being g € R? the gravity vector in {Sp} and ‘g its represen-

tation in body coordinates. Similarly, we have

'w! =V, "‘Doom, gmi- (55)

The computation of *F? can be performed sequentially from
the first body to the last. By comparing (54) with (@6)) and (53)
with @J), it is possible to see that the effect of gravity can be

incorporated into the calculations by setting the acceleration
of the base to Yag = —g.

B. Interaction force

The derivation of the generalized interaction forces requires
necessarily further hypotheses. Being undoubtedly the most
used for control purposes, we assume a linear visco-elastic
stress-strain relationship, so that Q} = Q5 + Q¢, and denote
the corresponding forces (torques) as d’f¢ (diT¢) and d’f¢
(d*r%), respectively. Furthermore, let

&=L (ri)d s (i) = T ()T, ('),

the Green-Lagrange strain tensor in the body coordinates,
where ‘r} represents ‘r; in the reference configuration. Ac-
cording to the Hooke law, one has

dlff = Vs,y . (2#731-51' + A;tr (ng) 13) dv,

and
d'r ="r; x d'f5,

E; Eiv;
where \; = m and p; = m
Lame constants of B;, with F; and v; the material Young
modulus and Poisson ratio, respectively. Note that the diver-
gence operator projects the internal stress into the dynamic
equations [51]] . Similarly, considering a Kelvin—Voigt model
for the viscous forces leads to

d'ff =n;Vs, -

are the

E,dV,
and , 4 4
dird =tr; x d' £,

being 7; the material viscosity. Finally, ?F?, “T5 and ‘m$ can
be obtained by proper integration over the body as detailed

in @3- () and G7).

Remark 5. More accurate models for the interaction forces
can be considered. Indeed, from Property|l| a different model
of these forces will affect only the computation of Qj

VI. SIMULATIONS

The main motivation of this work is to obtain a unified
procedure to evaluate the GID and AID of serial modular
mechanical systems for control purposes. In principle, this
requires an experimental validation, which is out of scope
given the theoretical nature of this paper and will be considered
in future work. Nonetheless, we believe that a validation is
helpful to show the generality of our approach. In this section,
despite not being its main application, we exploit the AID
algorithm to simulate new RoM for continuum soft robots.

Note: Additional simulation results on state of the art
models can be found in the paper supplementary material
at the following link: https://drive.google.com/drive/folders/
13wwUjjX7jm1 VKR YzafbWKtey3qWZ1_a?usp=sharing.

In particular, Algorithm [2]is used to solve the FDP through
the inertia-based algorithm [16], which we briefly summarize
in the following. At each time step, the FDP requires solving
the following linear system

Exploiting the linearity of the dynamics in the acceleration,
the i-th column of M (q) can be computed calling the AID
procedure as follows

M (q) = AID(q, 0, (I,,);).

(56)

Since the AID takes O(N) computations, the cost to evaluate
the mass matrix is O(NN?). Similarly, the vectors appearing
in the right-hand side of (56) can be computed by setting the
acceleration to zero, i.e.,

—TL(q, Q) + Q(q7 iIa ’LL) = GID(CL Q7 On);

with a O(N) computational cost. Observing that (36) requires
solving a linear system of equations, the worst-case complexity
for the computation of the FD with this approach is O(N3).
Despite not being optimal, the possibility to simulate the
dynamics with the ID comes for free without any further effort.
In addition, the computation of M (q) can be parallelized, so
improving the speed of the algorithm.

It is worth remarking that the same ID algorithm is used in
all the following simulations. Every simulation is implemented
by providing a different robot model to the procedure.

A. Simulation 1: PCC with variable radius

Consider a planar soft robot actuated with three pairs of
antagonistic pneumatic chambers. Our method allows to easily
model the effect of the chambers on the dynamics by intro-
ducing additional DoF for the radius change. To the best of
our knowledge, this is the first time that such class of models
is presented and simulated, and thus constitutes an additional
contribution of this work. The kinematics is modeled by a
combination of strain and radius configuration variables. The
strain configuration encodes the pose of the robot backbone,
while the radius variables model the shape alterations along the


https://drive.google.com/drive/folders/13wwUjjX7jm1VkRfYzafbWKtey3qWZ1_a?usp=sharing
https://drive.google.com/drive/folders/13wwUjjX7jm1VkRfYzafbWKtey3qWZ1_a?usp=sharing

robot section. The continuum is discretized into three bodies
with cylindrical shape in the stress free configuration, having
each rest length Ly, = 0.2 [m], radius Ry, = 0.02 [m] and
mass density p; = 1062 [kgm~3];i = 1,2. The material
visco-elastic parameters are F; = 1.06[MPa], v; = 0.5 and
7; = 0.1 [s]. The base is rotated so that in the straight
configuration the robot is aligned with the gravitational field
and points downwards. Each pneumatic chamber has a uniform
distance d.; = 0.004 [m] from the body walls.

Each body B; has in total four DoF. The first two model
the curvature and elongation strains under the PCC hypothesis,

)t (e e ()

< ki(q;)

6Li(q;)
The remaining two configuration variables describe the change
in radius R;, namely

1 0 00
01 00

R;(si2,q;) = Ro, + 0Ri(si,1, 5,2, 4;),

where
Si1 € O,L iy
( 0 0 b(si1,8i,2) O )qi, 57,; c {O,Wﬁ);]
OR; = si1 €10, Loyi],

(0 0 0 b(si,lysiﬂ*ﬂ—))qz'a
(0 00 0),

Si2 € [m,2m);
otherwise.
models the radius change from Ry,. The variable s; o is used to
locate for each cross section the pneumatic chamber. To model
the functional dependence of JR; on the material coordinates
s;,1 and s; o we use the multivariate bump function

Ly, 1

) Lo, 2
b(si1,8i2) =€ G- TGz 3)?

This choice is motivated by empirical observation of pneu-
matically actuated soft robots, whose chamber deformation is
usually larger at the middle of body.

The actuation generalized force QY (g;, u;) of B; is modeled
using the principle of virtual works leading to

Qi (q;,u;) = Vg, Vi(q;)us,

where the vector Vi(q;,) = (Vii(g;) Vi,g(qi))T collects
the volume of the two pneumatic chambers in the current
configuration and w; = (u;1 'U,Z'72)T is the difference in
chamber pressure with respect to the atmospheric pressure.
The robot starts at rest from the stress free configuration
gy = 012 and the dynamics is excited with a constant input
equal to

(57)

u=(2 0 0 2 1 04) [MPal.

The volume integrals appearing in the ID algorithms and (57)
are approximated using a Gaussian quadrature rule in spherical
coordinates. Fig. [] reports the time evolution of the configu-
ration variables, divided into strain and radius variables, and
a stroboscopic plot of the robot motion in its workspace.
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Figure 4: Simulation 1: PCC with variable radius. Time evolution of
the strain (a) and radius (b) configuration variables, and stroboscopic
plot (c) for a planar soft arm with variable radius of three bodies and
six pressure chambers. In (c), the initial and final configurations are
depicted in blue, while the transient motion in light gray.

B. Simulation 2: PGC in free evolution

Consider a tentacle-like soft robotic arm of two bodies with
conical shape. The first body has base and tip radius equal
t0 Rpase, = 0.01 [m] and Ry, = 0.005 [m], respectively,
while the second Rpase, = 0.005 [m] and Ry, = 0.002 [m].
The rest length and mass density are Lo, = 0.2 [m] and




pi = 1070 [kg/m?3], respectively. The elastic parameters are
E; = 0.666 [GPa] and v; = 0.4, while the material viscosity
ism; = 0.01[s];¢ = 1, 2. The kinematics is computed using the
Geometric Variable Strain approach of [53]]. Inspired by [48]],
we model the strain using a Piecewise Gaussian Curvature
(PGC) basis with elongation, defined as follows

Rz i 0
Ky,i =®i(si))g; +| 0 |,
oL; 1
where
0 0 —1 —emimLoi /2
Bilsi) =7 | 1 emiTh/2T 0 0
“\ o 0 0 0 1

s; € [0, Lo,] and q; € R®. The robot starts at rest from the
initial configuration

g@%=(03 10101 -1 001 2 0)",

and the base is rotated so that in the stress-free configuration
the arm is aligned with the gravitational field with the tip
pointing upwards. The results of the simulation are shown
in Fig. [5| After a transient of approximately 5 [s], the arm
reaches a steady-state position consistent with the direction of
the gravitational force.

VII. CONCLUSIONS AND FUTURE WORK

This paper presents a recursive method for computing the
inverse dynamics of serial mechanical systems assembled from
complex modules. The procedure is general and independent
of the body domain and type, meaning it can be used for a
wide range of robots, including rigid and deformable bodies.

Considering an abstract kinematic model of each system
module, the equations of motion are derived using the weak
form of the dynamics and the Kane method. It is then proven
that such equations admit a recursive expression, which allows
for an efficient implementation of the inverse dynamics. The
procedure has linear complexity in the number of bodies and
is thus optimal. The versatility of the method is shown by
simulating two novel reduced order models of continuum soft
robots.

Future work will focus on the experimental validation of
the method for synthesizing model-based controllers. We also
aim to investigate how the algorithm must be modified to
handle non-holonomic constraints. A further research direction
is to use a similar approach to solve efficiently the forward
dynamics problem.

APPENDIX
A. Proof of Proposition
To show the result it suffices to prove the equivalence
between the Kane and Euler-Lagrange equations of a generic
configuration variable g;. To this end, consider the kinetic
energy of the system

N N 1
IC:ZICi:Z/‘/ §P?Pidmiv
i=1 =17 Vi

(58)
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Figure 5: Simulation 2: PGC in free evolution. Time evolution of the
configuration variables (a) and stroboscopic plot (b) of a continuum
soft robot modeled with a Gaussian model of the strain. In (b), the
initial and final configurations are depicted in blue, while intermediate
configurations in light gray.

where /C; denotes the kinetic energy of B;. By the Reynolds
transport theorem, it follows that

d . d .
T ( /V Va p?pidmi> = /V 7 (Vau p; p;dm;)

d .
/V_ En (V. pi P;) dms,

where in the last equality p; = 0 has been used. Expanding
the derivative and rearranging the terms leads to

. d .
/ Vg, pszidmi = a{ (/ Vg, Pszidmi>
Vi Vi

d .
- /V 3 Va pl) p;dm;

(59)

(60)

Now, note that

. 1 . 5.
/ V. Pi Dydm; = Vg, / = pl p;dm; =V, Ki,
Vi vi 2



and

1.7,
5 P?Pidmi =V Ki,
V;

i

[ Vublbdm =V,
Vi

which substituted in yields
. d
qu Pi pidmi = & (qu ICZ) - qu Kl
Vi

By exploiting the linearity of the differentiation, one has

N N .
; /\4 Va p?pzdmz = Z T (qu K;) — Vo K

d N = N
=3 (Va Y Ki| =V ) K
i=1 i=1

d
= a (V% IC) 7V¢Zk’c

Replacing the above equation in (23) finally gives
d
Qu=

The result follows by recalling that Q);, = —(Q)}, and observing
that the right-hand side of the above equations is the k-th row

of (1.

(v!ik IC) - VQk K.

B. Proof of Theorem ]|

In the following, we prove that @0)-@I) is a recursive
expression of M; as defined in (39). First, note that, for all
i > j, the following identities hold

Va, vir1 = Vg, o' Ripa (61)
+ Vg, ‘w;i'tiyr X "Ry,

Vg, i = Vg, ‘wWi'Riy . (62)

The result follows by iteratively exploiting the above equa-
tions. In particular, consider the right-hand side of &0),
repeated below for the ease of readability

Vo, 'v; (F; +7F}) + Vg, w; ((T; +7T;).  (63)
Replacing (@) into the previous equation gives
Vg, 'v; (F; +7F;}) + V4, 'w; ('T; +7T7)
=V, 70, (Fj+7F;) + Vg, w;
(jTj +IT5 +7poon, * (' F; +‘77:§))
+ Vg, Jv Riyy (T F 0 + 711
+ Vg, wi Rjpy (140 +771T7 )
+ Vg, Jwilti x IR (T F 0 + 7T )
By direct inspection, one can recognize that the first two
terms of the above equation correspond to the first two in

the expanded right-hand side of (39). On the other hand, the
remaining three elements have the same form of the right-hand

side of (6I) or (62), which can be exploited to obtain
Vg, 'v; (F; +7F}) + V4, 'w; ((T; +7T5)
=V, v (F; +7F;)
+Va, Jw; (T + 9T+ Tpean, x (F;+7F;)) (64)
+ Ve, T (T F 0 + 71 F )
+ Vg, " wipn (N T +771T )

The last two terms of (64) have again the same form of (63)
but with increased index. The result follows by repeating the
last two steps until the N-th term appears.
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